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Abstract  
 In a previous paper (Austin, 2017) a method for calculating time 

dilation from Newtonian gravitational potential provided a first order 

equivalence to Schwarzschild’s solution to Einstein’s field equations.  This 

equivalence is for the transformation of the time component between 

locations when only the radial component is changed.  The derivation from 

the previous paper will be merged with Special Relativity’s kinetic energy 

derivation to form a metric for a Riemannian geometry.  A geodesic is 

derived from the metric and compared to Schwarzschild’s solution.   
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Introduction 

 In a previous paper (Austin, 2017) a method for calculating time 

dilation from Newtonian gravitational potential energy (NGPE) provided a 

first order equivalence to Schwarzschild’s solution to Einstein’s field 

equations (Schwarzschild, 1916).  The previous derivation followed a path of 

Special Relativity’s derivation of relativistic kinetic energy by Resnick 

( Halliday, Resnick, 1985).  The paper did not provide a merger of kinetic 

energy and NGPE for the purpose of transforming the time component 

between observers.  This paper will merge the two methods into a single 

transformation.  From this transformation a topological space with a 

manifold and metric will be constructed.   

 

Combining NGPE and Relativistic Kinetic Energy 

 In the previous paper on Newtonian gravitational potential energy 

(NGPE), Special Relativity’s 𝛾 was cast as a function of kinetic energy.    
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𝛾(𝑣) = 1 +
𝑇(𝑣)

𝐸0
 

(1) 

 Where v is relative velocity, T is relativistic kinetic energy and 𝐸0 is 

rest energy of the moving particle.  T is: 

𝑇 = 𝐸0(𝛾 − 1) 
(2) 

 A second equation derived from the previous paper for time dilation 

(based on NGPE) is 

𝜑 = 1−
𝑉(𝑟)

𝐸0
 

(3) 

 Where 𝜑 is a scalar time transformation (unit time magnitude) from 

an infinite distance from the mass creating the NGPE 𝑉(𝑟) to a radial 

distance r from the mass, and rest energy 𝐸0. The NGPE is: 

𝑉(𝑟) = − 
𝐺𝑀2

𝑟
 

(4) 

 Where G is the Newtonian gravitational constant, M is the central 

mass creating the gravitational potential, r is the radial distance from the 

center of M.   

 The desire is to combine the NGPE effect on time (equation 3), with 

Special Relativity’s kinetic energy derived effect on time (equation 1).  

Consider a function α based on relativistic kinetic energy and NGPE that 

transforms time between observers.  A potential candidate for combined 

energy transformation constructed from equations 3 and 1: 

𝛼(𝑇, 𝑉) = 1 +
𝑇(𝑣)

𝐸0
−
𝑉(𝑟)

𝐸0
 

(5) 

 By redefining 𝜑 from equation (3) to be: (the one is removed so to 

only calculate the change) 

𝜑 = −
𝐺𝑀

𝑟𝑐2
 

(6) 

 And substituting equations (1) and (3) into equation (5) then 

simplifying, 

𝛼(𝑇(𝑣), 𝑉(𝑟)) = 𝛾 − 𝜑 

(7) 

 Where v is velocity about a fixed massive body, r is the radial 

distance from the center of the massive body, T is the kinetic energy function 
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(from equation 2), V is the potential energy function (from equation 4), 𝜑 is 

from equation (6), and 𝛾 is Special Relativity’s scalar as shown in equation 

(1). 

 Next, equation (7) needs equation (1) and (3) to align their effect on 

time.  Recall from the first paper, the two time transformations; first is 

kinetic energy from equation (1), time transformation: 

𝑡′ = (1 +
𝑇

𝐸0
) 𝑡 = 𝛾𝑡 

(7a) 

 Where the primed time is in the moving frame in Special Relativity.  

The second time transformation is based on NGPE from equation (3): 

𝑡′ = (1 + 𝜑)𝑡 
(7b) 

 

 Where the primed time is within a gravitational potential and the 

unprimed is at an infinite distance from the mass generating the potential.  

As 𝛾 increases, its effect on time is opposite the effect 𝜑 has when it 

increases.  Consider the following table: 
 Energy Scalar Effect Time Dilation Eq.  

T increases 𝛾 increases  𝑡′ = 𝛾𝑡 Time interval 

increases as T 

increases 
V increase 𝜑 decreases 𝑡′ = (𝟏 + 𝜑)𝑡 Time interval 

decreases as V 

increases 
Table 1 

 

 T and V have the opposite effect on time.  By subtracting 𝜑 in 

equation (7), it is modified to 

𝛼(𝑇(𝑣), 𝑉(𝑟)) = 𝛾 + 𝜙 

(8) 

 Equation (8) is used to transform the time component from a location 

with no relative kinetic energy and no gravitational potential to a location 

with one or both (relative kinetic energy and gravitational potential energy). 

𝑡′ = 𝛼(𝑇(𝑣), 𝑉(𝑟))𝑡 
(8a) 

 Where t is the time component at the location with no kinetic energy 

and no gravitational potential.  At this stage, equation (8) continues to have 

an issue, it combines inertial frames and accelerated frames in the time 

transformation scalar 𝛼.  This was briefly discussed in the previous paper, 

but no proper way to merge the two was contemplated.  Next we consider a 
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solution to this issue by building sets of observers from equations (1) and 

(3). 

Time Dilation Sets 

 Consider the set 𝒱 of all possible values of 𝑇 from equation (1): 

𝒱 = {𝑇|𝑇(𝑣)} 
(9) 

 The velocity has a range of zero to c (the speed of light in a vacuum) 

and T has a range from zero to infinity.  Next, consider set ℛ of all possible 

values of 𝜑 from equation (3): 

ℛ = {𝜑|𝜑(𝑟)} 
(10) 

 The radial distance r has a range from zero to infinity and 𝜑 has a 

range from zero to infinity. 

 Sets 𝒱 and ℛ have scalar elements representing kinetic energy 

magnitude and gravitational potential energy magnitude respectively.  The 

union of the sets form set ℰ. 

ℰ = {𝒱 ∪  ℛ} 
(11) 

 Next, form a topological space T over ℰ.  T contains ℰ and the empty 

set ∅.  On T consider a manifold ℳ.   About every point 𝓅 on ℳ there is a 

space near 𝓅 that is homeomorphic to Euclidean space of dimension 

 ℛ3 (Wolfram, 2017).  Each Euclidean space about point  𝓅 on ℳ maintains 

the following axioms: 

1. There is an observer at every 𝓅 on ℳ, for the purpose of measuring 

time and space without affecting what is being measured. 

2. The unit time �̂� is measured by each observer at their point 𝓅 on ℳ.  

3. The unit length for the Euclidean space about point 𝓅 is dependent on 

unit time as measured at point 𝓅 on ℳ.  The unit length is 𝑐�̂�.  Where c is 

the speed of light in a vacuum and �̂� is the unit time.  

 Each point on ℳ is uniquely defined by an element from 𝒱 and an 

element from ℛ in ℰ. 

 Constructed is a topological space containing a manifold ℳ.  The 

manifold follows axioms by which the local Euclidean space is formed.  

When considering the set of all observers O, there are four subsets of 

interest. 

 

Sets of Observers 

 Consider the following sets of observers: 

𝑠𝑒𝑡 𝒜 = {𝑂|𝒱 = 0 ∧  ℛ = 0} 
𝑠𝑒𝑡 ℬ = {𝑂|𝒱 > 0 ∧  ℛ = 0} 
𝑠𝑒𝑡 𝒞 = {𝑂|𝒱 = 0 ∧  ℛ > 0} 
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𝑠𝑒𝑡 𝒟 = {𝑂|𝒱 > 0 ∧  ℛ > 0} 
(12) 

 Set A is a boundary for the scalar alpha from equation (8).  Alpha has 

a range from 1 to infinity, and any observer in set A has an alpha value of 1.  

Set A contains all observers who have no gravitational potential and no 

kinetic energy (the relative velocity is zero; in Special Relativity this is the 

rest frame).   

 Set B contains the equivalence of a moving frame in Special 

Relativity.  It is made up of all observers who are in motion relative to set A 

and have no gravitational potential. 

 Set C contains observers with relative velocity zero to observers in 

set A, and are within a gravitational potential. 

 Set D contains all observers with relative velocity greater than zero to 

observers in set A, and are within a gravitational potential.  

 Each of these sets form a subset of ℰ.  Of interest are two subsets of ℰ 

constructed from these sets.  The privo set ℙ and the exemplar set 𝔼.  

𝑠𝑒𝑡 𝔼 = {𝒜} 
𝑠𝑒𝑡 ℙ = {ℬ, 𝒞, 𝒟} 

(13) 

 The exemplar set observers have no kinetic energy and no 

gravitational potential.  The exemplar set represents the points on the 

manifold where an observer’s unit time interval is a minimal compared to all 

other observers.  In other words, the observer’s clock runs fastest in the 

exemplar set when compared to any clock in the privo set.  Thus the 

exemplar set has a minimal boundary for the magnitude of the unit time 

interval on the manifold. 

 Equation (8) has the framework to transform from any privo set to the 

boundary condition on the manifold, which is the exemplar set.  Next a 

metric for the manifold is derived. 

 

Formation of a Metric Based on 𝜶 

 The space considered is a ℛ3 space.  The line element is 

𝑑𝑠 = √𝑔𝜇𝜐𝑋𝜇𝑋𝜐  

(12) 

 Where 𝑔𝜇𝜐 is the metric over the manifold, and 𝑋𝜇 and 𝑋𝜐  are contra 

variant vectors.  The metric is to maintain the invariance of the speed light 

between all observers. Consider equation (8a) where t is time in set 𝔼 .  At 

the boundary in 𝔼 on the manifold, set the unit length to: 

�̂� = 𝑐�̂� 
(13) 
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 Where �̂� is the unit length at the boundary, c is the speed of light in a 

vacuum and �̂� is unit time at the boundary.  The unit length in equation (13) 

is constructed from the axioms of the manifold, where the unit time 

determines the unit length. The value of 𝛼 (from equation 8) in 𝔼 is 1.  Any 

transformation of unit length from the privo set to the exemplar set on the 

manifold is: 

𝑐𝑡′ = 𝛼𝑐𝜏 ∴ 𝑐𝜏 = 𝛼−1𝑐𝑡′ 
(14) 

 Where the primed time represents the privo observer’s time.  With 

equation (12, 13, 14) one can derive 

𝑑𝑠2 = 𝑔𝜇𝜐(𝑐𝑡)
𝜇(𝑐𝑡)𝜈 = 𝑐2𝜏2 

(15) 

 Equation (15) is the square of the line element on the manifold.  

Consider the metric 𝑔𝜇𝜐 a tensor which takes two vectors as an input (𝜇 

and 𝜈).  Its form is: 

 

𝑔𝜇𝜐 = (𝛼𝜇(𝛾, 𝜙) 𝛼𝜈(𝛾, 𝜙) 𝐼) 

(16) 

 Where I is the identity matrix and the alpha functions (from equation 

8) return a scalar value.   From equation (15), and (16) a possible solution for 

𝑔𝜇𝜐 in Cartesian components is, 

𝑔𝜇𝜐 = (

𝛼𝜇(𝛾, 𝜙) 𝛼𝜈(𝛾, 𝜙) 0 0

0 𝛼𝜇(𝛾, 𝜙) 𝛼𝜈(𝛾, 𝜙) 0

0 0 𝛼𝜇(𝛾, 𝜙) 𝛼𝜈(𝛾, 𝜙)

) 

(17) 

𝑔𝜇𝜐

= (

𝛼𝜇(𝛾, 𝜙)
−1 𝛼𝜈(𝛾, 𝜙)

−1 0 0

0 𝛼𝜇(𝛾, 𝜙)
−1 𝛼𝜈(𝛾, 𝜙)

−1 0

0 0 𝛼𝜇(𝛾, 𝜙)
−1 𝛼𝜈(𝛾, 𝜙)

−1

) 

(18) 

Of note, the diagonals always have the same value.   

  

Invariance of the Line Element 

 The line element from equation (15) is derived from using a 

boundary condition length in equation (13).  With the hypothesis all 

observers agree with the boundary length and the assumption nature behaves 

according to equation (15), an observer at a local point about the massive 

body will observe all measurements with a set of local basis vectors and unit 

time.  The unit length at each location will be determined by the unit time 

from axiom 3: 
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𝑙 = 𝑐�̂� 
(19) 

 Deriving the local unit length at a point on the manifold from the 

boundary length is 

𝑙1 = 𝛼1(𝛾, 𝜙)𝑐�̂� 
(20) 

 Note at the boundary on the manifold 𝑙1 = 𝑐�̂�.   
 The unit length at the boundary on the manifold as derived from a 

local unit length is 

�̂� = 𝑐�̂� =
𝑙

𝛼(𝛾, 𝜙)
 

(21) 

 Where �̂� is the unit length at the boundary,  �̂� is the unit length at a 

point on the manifold.  Thus any observer on the manifold agrees equation 

(21)’s �̂� value is invariant. 

 

Geodesic from the Lagrangian  

 Equation (21) contains the basis component of a vector which 

transforms as a covariant as in equation (18) and a vector component would 

transform as a contra variant as in equation (17).  Thus: 

𝑑𝑠2 = 𝑔𝜇𝜐𝑋
𝜇𝑋𝜈 = 𝑔𝜇𝜐𝑋𝜇𝑋𝜐 

(23) 

 

 The square of the line element for a basis vector is 

𝑑𝑠2 = 𝑔𝜇𝜐𝑋
𝑎𝑋𝑏 = 𝛼𝑎(𝛾, 𝜙) 𝛼𝑏(𝛾, 𝜙) (𝑐�̂�)

2 

 Converting equation (15) to spherical components 

𝑑𝑠2 = 𝛼2𝑑𝑟2 + 𝛼2𝑟2𝑑𝜙2 + 𝛼2𝑟2𝑠𝑖𝑛2(𝜙)𝑑𝜃2 
(24) 

 With r constant, the Lagrangian is 

𝐿 = 𝛼2𝑟2�̇�2 + 𝛼2𝑟2𝑠𝑖𝑛2(𝜙)�̇�2 

(25) 

Thus the action is 

𝑆 = 𝛼2𝑟2∫ (�̇�2
𝑏

𝑎

+ �̇�2𝑠𝑖𝑛2(𝜙))𝑑𝜏 

(26) 

When �̇� is zero, there is a minimum, planar motion.  The action then is 

𝑆 = 𝛼2𝑟2∫ �̇�2
𝑏

𝑎

𝑑𝜏 

(27) 

Equation (27) continued: 
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𝑆 = 𝛼2𝑟2∫ �̇�2
𝑏

𝑎

𝑑𝜏 = 𝛼2𝑟2(𝜙𝑏 −𝜙𝑎) 

(28) 

 Equation (28) is the geodesic equation for a fixed radius about a 

massive object using the metric from equation (17).  In an elliptical orbit, r 

can be given a dependency on the angle 𝜙 for an elliptical orbit as follows: 

(Wheeler, Misner, Thorne, 1970, p. 1110) 

𝑟(𝜙) =
𝑎(1 − 𝑒2)

1 + 𝑒 cos (𝜙)
 

(29) 

 Where 𝑎 is the semi-major axis, 𝑒 is the eccentricity of the orbit and 

𝜙 the angle of the orbit. 𝛼 contains r within its definition, substituting 

equation (29) into the RHS of equation (28) and integrating over a full orbit 

(an orbit maintained by Newtonian classical gravitational force).  The full 

rotation per orbit is 

𝑟𝑎𝑑𝑖𝑎𝑛𝑠 = ∫

(

 
 
 
 

(
𝑎(1 − 𝑒2)

1 + 𝑒 cos (𝜙)
)

(

 
 
 

1

√
𝐺 𝑀

(
𝑎(1 − 𝑒2)
1 + 𝑒 cos (𝜙)

) 𝑐2

2𝜋

0

+
𝐺 𝑀

(
𝑎(1 − 𝑒2)
1 + 𝑒 cos (𝜙)) 𝑐

2

)

 
 
 

2

)

 
 
 
 

𝑑𝜙 

(30) 

 Equation (30) shows an advance for any orbit in a gravitational 

potential.  Consider Mercury’s orbit about the sun.  Using (NASA, 2017) 

 𝐺 = 6.67384−11 
 𝑐 = 299792458 𝑚/𝑠 

 𝑀𝑎𝑠𝑠 𝑂𝑓 𝑆𝑢𝑛 (𝑀) = 1.9889230𝐾𝑔 

 𝑆𝑒𝑚𝑖 𝑀𝑎𝑗𝑜𝑟 𝐴𝑥𝑖𝑠 𝑀𝑒𝑟𝑐𝑢𝑟𝑦 (𝑎) = 57909100000 𝑚 

𝐸𝑐𝑐𝑒𝑛𝑡𝑟𝑖𝑐𝑖𝑡𝑦 𝑜𝑓 𝑂𝑟𝑏𝑖𝑡 (𝑒) = 0.206 

 

 The perihelion of Mercury advances 5.02−7 radians per revolution.  

Over the course of a century, the advance is 42.98 arc seconds.  This is in 

agreement with both observational and Schwarzschild’s solution to 

Einstein’s field equations (Einstein 1905).  
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Summary 

 It has been shown a temporal manifold can be derived from 

Newtonian gravitational potential and Special Relativity.  A metric was 

constructed from the invariant speed of light by all observers.  From the 

metric a geodesic was derived and used to calculate an orbit about a central 

massive object.  The results align well with observation and Schwarzschild’s 

solution to Einstein’s field equations.   

 This method is not to be considered a replacement for General 

Relativity but a compliment.  This method provides a teaching path from 

classical Newtonian gravitational force to a minimum first order accuracy of 

General Relativity.  The method can be used much in the same manner as a 

simple transformation is used in teaching Special Relativity without 

introducing Minkowski space. 

 

Of Note 

 An interesting correlation (without comment) exist between 

equations (1), (3) and the golden ratio.  If one sets equation (1) equal to 

equation (3) in a gravitational maintained orbit, the golden ratio appears. 

Setting these equal is when the temporal effect of kinetic energy is equal to 

the temporal effect of gravitational potential energy.  Consider  

√
1

1 −
𝐺 𝑥
𝑐2

= 1 +
𝐺𝑥

𝑐2
 

(31) 

 Where x = 
𝑀

𝑟
 , the LHS of (31) is the kinetic energy effect from 

equation (1) when in an orbit at radial distance r.  The RHS is from equation 

(3) and is the gravitational potential energy of an object in orbit at radial 

distance r.   When x is solved for: 

𝑥 =
𝑐2

𝐺

(√5 − 1)

2
 

(32) 

 The golden ratio inverse is 
(√5−1)

2
 and is an exact solution to equation 

(31).   
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