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Abstract 

The aim of this paper is to set up an efficient nonlinear application 
algorithm simulation model for a multi aircraft landing dynamic system in one 
Runway when considering Bujumbura International Airport. The 
mathematical modelization of the solved problem is a non-convex optimal 
control governed by ordinary non-linear differential equations.The dynamic 
programming technic is applied because it is a sufficiently high order and it 
does-not require computation of the partial derivatives of the aircraft dynamic. 
This application is be coded with Linux operating system, but it can also be 
run on the windows system. High runing performance are obtained with results 
giving feasible trajectories with a robust optimizing of the objective function. 
The user interfaces designed in Glade are saved as XML, and by using the 
GtkBuilder GTK+ object these can be loaded by applications dynamically as 
needed. By using GtkBuilder, Glade XML files can be used in numerous 
programming languages including C, C++, C#, Java, Perl, Python,AMPL,etc.. 
Glade is Free Software released under the GNU GPL License. The algorithm 
is implemented when considering discrete mathematics while using 
Bujumbura International Airport Geographic Information System. 

Keywords: Aircraft Landing Dynamic System, Optimal Control, Dynamic 
Programming, GUI GPL Application 00AIRLADY S R2018A +00  
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Introduction 
In this work, an efficient nonlinear application algorithm simulation 

model for a multi aircraft landing dynamic system is developped while 
maintaining a reliable evolution of the flight procedures of aircraft dynamic 
system on approach. The aircraft are landing successively on one runway 
without conflict (E. Roux, 2006).  

The model considered here is non-convex and non-linear optimal 
control problem leading to a system of non-linear ordinary differential 
equations (I. Chryssoverghi& J. Colestos and B. Kokkinis, 2007). The aircraft 
dynamic is described by a three dimensional set of non-linear ordinary 
differential equations subjected to state and control constraints. The functional 
to be minimized describes the overall levels of noise collected on the ground, 
emitted by the aircraft. The formulation of the problem takes into account 
several kinds of constraints such as aircraft stability, performance and flight 
safety. Programming technic is applied through the Nonlinear Interior point 
Trust Region Optimization solver ’KNITRO’(Waltz,2008) with a Modeling 
Language for Mathematical Programming ’AMPL’(R.Fourer, 2003). This 

application will be coded with Linux system on 64 bit operating system. High 
runing performances are obtained with results giving feasible trajectories with 
a robust optimizing of the objective function. The user interfaces is designed 
in Glade by using the GtkBuilder GTK+ object and this can be loaded by 
applications dynamically as needed. 

 
1.  The Bujumbura International Airport Traffic 

Bujumbura International Airport (IATA: BJM, ICAO: HBBA) is an 
airport in Bujumbura, the former capital of Burundi. It is Burundi's only 
international airport and the only one with a paved runway. Opened in 1952, 
the airport turned 67 years old on December 5th 2019. 
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Figure 1. Spatial view of Bujumbura International Airport 

 
As of December 2018, the following airlines maintain regular scheduled 
service to Bujumbura International Airport: [2] 

Bujumbura Aerospace Regular 
Traffic 

Airlines 
 

Destinations 

Departures and Arrivals flights Air Tanzania Dar es Salaam, Kigoma 
 Brussels Airlines Brussels1 

 Ethiopian Airlines Addis Ababa, Kigali 

 Kenya Airways Kigali,Nairobi-Jomo Kenyatta 

 RwandAir Kigali 

Note 1: Brussels Airlines' outbound ights stop in Entebbe, while all inbound rights are 
nonstop. The airline does not have trac rights to transport passengers solely between 
Bujumbura and Entebbe. 
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Figure 2. Bujumbura International Airport Live arrivals on 18 April 2019. 

 
2.  Mathematical modeling of the aircraft dynamic system 

The design of an aircraft is an excellent non-linear optimization model. 
From conception to piloting, several disciplines are present. We cite 
aerodynamics, propulsion, structural mechanics, performance calculations, 
energetics, acoustics, and many others. 

A moving airplane is therefore a complex dynamic system, difficult to 
study in all its generality. The large number of disciplines involved in both the 
design and operation of the aircraft makes it a complex process. 

The various parameters involved in this process are either managed by 
a single discipline or shared. Thus, several interactions between these 
disciplines translate a coupling of which the results of one can be used for the 
parameters of the others. Unfortunately, the objectives of each discipline are 
often contradictory. It is then necessary to develop optimization techniques to 
effectively integrate the methods developed by each of the disciplines 
involved in order to seek a global optimun. In this section, we return to the 
optimal control of a commercial airplane while keeping the aerodynamic 
performances (F.Nahayo,2017). The flight dynamics of a commercial aircraft 
is a very complicated subject when it is combined with the analysis and 



European Scientific Journal October 2019 edition Vol.15, No.30 ISSN: 1857 – 7881 (Print) e - ISSN 1857- 7431 

499 

optimization of the aircraft's behavior (S.Khardi F. Nahayo and M. 
Haddou,2011).  

In this paragraph, it is a question of going back on the three-
dimensional dynamic model of a civil plane, the analysis of these operational 
performances and quality of flight. The modeling of the aerodynamic, 
propulsive and mass forces of a commercial aircraft is the basis of the flight 
dynamics of this one. The analysis of these processes focuses mainly on the 
sciences of mechanical and automatic control. The following figure illustrates 
the functional organization of aircraft flight dynamics (Boiffier, 1999 and 
Boiffier, 2001). 

 
Figure 3. A300 Aircraft Structure, Design Modeling and Parts Functions. 
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Figure 4. Aircraft control dynamic function modeling 
 
The figure 4 show the the functional organization of aircraft ight 

dynamics when considering the the aircraft design, effort, dynamic, 
mouvement and the automaticcontrol sciences.The aircraft model considered 
is Airbus A300 which transport a maximum of 266 passengers when the 
maximum weight is about 171000Kg on the take off procedure. 

 
2.1.  Aircraft dynamic equations 

The equations of 3D-motion of each aircraft  2,1, iAi  read 

(F.Nahayo, 2012, Boier, 1999 and K. Blin 2000): 
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where j ∈ {1, 2} stands for the first and second engine of each aircraft 

i, the expressions 
xz

IE
zz

IC
yy

IB
xx

IA  ,,,  are the inertia moments of 

the aircraft, i  is the air density, S is the aircraft reference area, l is the aircraft 

reference length, g is the acceleration due to gravity, 2
Li

kC
Do

C
Di

C  is the drag 

coefficient,  
ninY

C
liiY

C
V
rl

yr
C

V
pl

yp
C

y
C

yi
C 








  is the lateral forces 

coefficient,  
V

l
bq

Lq
C

i
M

LM
Cmi

mi
L

C
aoaL

C
Li

C
0

 





 is the lift coefficient, 

ninl
C

liil
C

V
rl

lr
C

V
pl

lp
C

l
C

li
C 








  is the rolling moment 

coefficient,  
mimm

C
m

C
m

C
mi

C 






00

 is the pitching moment 

coefficient, 
liin

C
V
rl

nr
C

V
pl

np
C

n
C

ni
C 





 is the yawing moment 

coefficient, 







 b
Mij

xb
Mij

xb
Mij

x ,,  is the position of the engine in the body frame, 0P  

is the full thrust, 0  is the atmospheric density at the ground,








zi

F
yi

F
xi

FF ,,  

is the propulsive force,  
i

w
i

v
i

u
i

V ,,


 is the aerodynamic speed, 



European Scientific Journal October 2019 edition Vol.15, No.30 ISSN: 1857 – 7881 (Print) e - ISSN 1857- 7431 

502 






  i

w
Ai

v
Ai

u
A ,,  is the complementary acceleration,  

w
w

v
v

w
u ,, ,  is the wind 

velocity, 
mij

  is the yaw setting of the engine and 
mij

  is the pitch setting of 

the engine. The mass change is reflected in the aircraft fuel consumption as 
described by E. Torenbeek (E. Roux 2005) where the specific consumption is 

i
M

tfi

di
i

M
i

G
itfn

c

i
i

x
SRi

C

)1(22.015

51001.2




















































with the generating 

function  

2

2
11

,1

1

,

1

1
01.11

i

i

Mv
i

v
v

cii
K

tc

i
K

ii
Kv

v

i

c

i
K

G















































































































.  

The nomenclature of engine performance variables are given by iG the 

gas generator power function, 0G  the gas generator power function (static, sea 

level), K the temperature function of compression process, iM  the flight Mach 
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the relative ambient temperature 
0T

T . The expressions 

)(),(),(),(),(),(),(),(),(),(),(),(),( tmtrtqtptZtYtXtVttttt iiiiqiGiGiaiiiiaiai 

are respectively the attack angle, the aerodynamic sideslip angle, the 
inclination angle, the cup, the roll angle, the airspeed, the position vectors, the 
roll velocity of the aircraft relative to the earth, the pitch velocity of the aircraft 
relative to the earth, the yaw velocity of the aircraft relative to the earth and 
the aircraft mass. The system (1) could be written in a simplified form
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2.2.  The optimal objective function model 
Let us define the quantity named the Sound Exposure Level ’SEL’ (F. 
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where the cost function SELG is the cumulated two-aircraft noise. 
Expressions )(),( 21 tLtL AA  are equivalent and reflect the aircraft jet noise 
given by the formula (L. Abdallah 2007, R. James Stone & D.E. Groesbeck& 
C.L Zola,1991): 
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2.3.  Constraints  
The considered constraints concern aircraft flight speeds and altitudes, 

flight angles and control positions, energy constraint, aircraft separation, flight 
velocities of aircraft relative to the earth and the aircraft mass(J.L.Boiffier 
1999, Ifrance 2000):  

(1) The vertical separation given by 1212 GGG ZZZ   where 21 GG ZZ   are 

respectively the altitude of the first  and the second aircraft and 
12GZ the altitude 

separation. 
(2) The horizontal separation 2112 GGG XXX   [13,14,38] where 21, GG XX  are 

horizontal position of the first and the second aircraft and their distance.  
(3) The aircraft speed aiV  must be bounded as follows ifais VVV 3.1 aircraft 

where sV  is the stall speed, ifV is the maximum speed and sV
io

V 3.1 , the 

minimum speed of the aircraft iA  [15, 36], the roll velocity of the aircraft 

relative to the earth  ifioi ppp ,  the pitch velocity of the aircraft relative to 

the earth  ifioi qqq , and the yaw velocity of the aircraft relative to the earth 

 ifioi rrr , .  

(4) On the approach, the ICAO standards and aircraft manufacturers require flight 
angle evolution as follows attack angle  ifioai  , ,the inclination angle 

 ifioi  , and the roll angle  ifioi  , . 

(5) The aircraft control  )(),(),()( tttt xinili    keeps and still between the 

position lio and lif  for the roll control mio  and mif  for the pitch control nio

and nif for the yaw control and xio and xif for the thrust. 

(6) The mass im  of the aircraft iA  is variable: 2.1,  immm ijiio . This 

constraint results in energy consumption of the aircraft [8, 24]. 
On the whole, the constraints come together under the relationship  
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2.4.  The aircraft optimal control problem 
The combination of the aircraft dynamic equation, the aircraft 

objective function and the aircraft flight constraints, the two-aircraft 
acoustic optimal control problem is given as follows: 

where 12g  shows the aircraft coupling noise function and 12GJ  is the SEL 

of the two A300-aircraft. 
 

3.  The numerical processing 
The system (4) is an optimal control problem with mixed constraints 

on the state and control. In order to apply the formulation of Pontryagin, we 
rewrite directly this system as follows: 
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By considering the pseudo-Hamiltonian system (5) given by 
),,(),,(),,(),,(),,,,( 221100 tuyktuyktuygptuyfptppuyh T  

where ),( 21 ppp   is the adjoint state. Thanks to this new formulation of 
Pontryagin, the necessary optimality conditions are given by 
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Partioned symplectic Algorithm of Runge-Kutta (SPRK) (F. Nahayo 
2012) 

 
3.1.  Graphic User Interface for the Applied Mathematical Modeling 

Software For A Multi Aircraft Landing Dynamic system  
The user interfaces is designed in Glade and by using the GtkBuilder 

GTK+ object, this can be loaded by applications dynamically as needed. By 
using GtkBuilder, Glade XML files can be used in numerous programming 
languages including C, C++, C#, Vala, Java, Perl, Python, AMPL and others. 
Glade is Free Software released under the GNU GPL License. 

 
Figure 5. GNU General Public Licence  AIRLADYS R2018 A+ Graphic User Interface 

 
Figure 1 shows AIRLADY SR2018+ Graphic User Interface and all 

the menu toolbar functions programmed for the running and exploitation. 
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3.2.  Aircraft optimal noise levels 

Numeric results show the noise levels around airport when 
optimization is applied . This explains the importance of the acoustic 
optimization of approaching aircraft and gains brought by this model when 
compared with what is done daily. The observation position is considered on 
the ground below the path of the following way: (−20000 m,−20000 m,0 m) 

for AONL1, (−19800 m,−19800 m,0 m) for AONL2, ..., (− 3200 m,−3200 m,0 

m) to AONL8. The touchdown point on the ground is (0 m,0 m,0 m) while the 
temporal separation of aircraft is 90 s. On each observation point, there is a 
vector of N noise levels as shown in discretization. It is important to consider 
the maximum value among the N values, which value shows the shortest 
distance between the noise source and the observation point. This result shows 
that the maximum noise level varies depending on observation points and 
decreases when the plane moves away. By comparison, This result is close to 
the standard jet noise values approach as shown by Harvey (H. Harvey 
Hubbard 1994) and (F. Nahayo and all).  

 
3.3.  Aircraft Flight paths Numeric Results  

The following result are obtained with AMPL”A Mathematical 

Programming Modeling Language” and KNITRO.The final result precision 

is: Locally optimal solution found with final feasibility error (abs / rel) = 
1.20e-11 / 2.19e-13 and final optimality error (abs / rel) = 1.69e-18 / 1.69e-
18.  

The above figure shows the continuous descent aircraft paths. When 
the first plane hit the ground, the second is six hundred meters hight with a 
strike length of 3300 m. This result is therefore of constraints separation when 
the planes are landing successively on a single track. At the end of approach, 
both paths coincide and follow the standard Evolution of the path constructors 
data by the A300 aircraft. This figure also shows the evolution of the two 
aircraft speeds and prove a landing because the speeds decrease from 200m/s 
up to 69 m/s as certified by ICAO and manufacturers of aircraft. Note that the 
touching ground speed is 69 m/s. These trajectories obtained are similar to the 
standard approach values as confirmed by (S. Suzuki and all 2009). It shows 
correlation between aircraft flight paths and speeds. The maximum time of the 
approach is 600 seconds for the first aircraft and 690 seconds for the second, 
giving a separation time of 90 seconds. 
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Figure 6. Two Aircraft flight paths and speeds

 
Figure 7. Comparing changes in thrust and roll control with speed of each aircraft 
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The figure 7 shows a simultaneous evolution of thrust and speed for each 
aircraft. It is noted that the speed decreases from 200 m / s to 69 m / s. 
Similarly, the thrust general trend is downward during landing. A correlation 
between the thrust and roll control with the speed of the two aircraft is very 
clarified. The figure 7 shows the thrust control and the control roll 
caracteristics during landing. The main control of the aircraft varies from 0.6 
to 0.2. The roll control remains zero, which proves stability of the aircraft and 
passengers comfort. 

Figure 8. Evolution of aerodynamic angles of the two Aircrafts 



European Scientific Journal October 2019 edition Vol.15, No.30 ISSN: 1857 – 7881 (Print) e - ISSN 1857- 7431 

511 

This figure shows the evolution of the main aerodynamic angles of the 
two planes. It is clear that the roll is zero while the flight angle is negative 
throughout the landing as recommended by ICAO in the approach procedures. 
The angle of attack varies between 2 and 12 degrees and the yaw angle is low 
because the plane is aligned to the runway.  

Figure 9. Evolution of kerosene usage and the optimal mass and non optimal  
mass of each aircraft 

 
The figure 9 shows the evolution of the consumption of kerosene by 

aircraft over time. It ranges from 1.5 kg / s to 1 kg / s on the ground. This result 
is already proven by Roux (E.Roux 2005) and confirm the standars of the 
manufacturers of the A300 aircraft. Note that the base model operated in 
consumption is the Torenbeek one which has already proved its efficiency 
compared to other models. The figure shows the evolution of optimal and non 
optimal aircraft mass over time. In the first plane, the optimum mass varies 
from 108,000 kg to 107723.79176 kg on the ground while non optimal mass 
varies 108,000 kg 107714.15755 kg. For the second plane, the optimum mass 
varies from 110,000 kg to 109734.50191 kg on the ground when the non-
optimal mass varies 110,000 kg to 109723.53824 kg. So it clears a weight 
saving between 9 kg and 11 kg.  
 
3.4.  Comparison of optimal procedures and standards  

The figure comparison of aircraft optimal procedures and standards is 
shown by the 10 when considering the altitude and speed. It means that the 
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continuous descent procedure well characterizes the optimal solution and that 
confirms the difference between the landing standard procedure and the 
landing optimal procedure. With the robust convergences characteristics, the 
optimal solution of the discrete problem found confirms the requirements of 
manufacturers and ICAO. Aircraft flight paths on the ground remains the same 
regardless of the particular proceedings and the slope of the path does not 
change as shown in (F. Nahayo 2017).  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 10. Comparison of optimal procedures and standards 
 

Conclusion 
In this paper, a mathematical model have been developed for noise 

reduction in the case of two approaching aircraft landing in succession on the 
same runway in Bujumbura International Airport. An algorithm for solving 
the optimal control problem has been developed. Theoretical considerations 
and practices of a direct method and the Runge-Kutta discretization scheme 
are used. This discretization schema is chosen because it is of sufficiently high 
order and it does not require computation of the partial derivatives of the 
system. This application had been coded with Linux system on 64 bit operating 
system. High runing performance are obtained with results giving feasible 
trajectories with a robust optimizing of the objective function. The user 
interfaces had been designed in Glade by using the GtkBuilder GTK+ object 
which can be loaded by applications dynamically as needed. By using 
GtkBuilder, Glade XML files can be used in numerous programming 
languages including C, C++, C#, Java, Perl, Python, AMPL, etc. The 
numerical considerations used have no limitations except the introduction of 
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the constante-variables without physical interpretation in order to facilitate the 
resolution of the dynamic system of two aircraft. The reason is the complexity 
of this system, which greatly affects the nature of the Solver to use. This model 
can be generalized for any type of aircraft when considering real case for air 
traffic and airport traffic. The following process is the software both 
certification by Aircraft operational companies, aircraft conception companies 
and academicians in applied mathematics and aerospace sciences.  
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