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Abstract:

This work deals with a domain decomposition approach for non stationary non linear
advection diffusion equation. The domain of calculation is decomposed into g>2 non-overlapping
sub-domains. On each sub-domain the linear part of the equation is descretized using implicit finite
volumes scheme and the non linear advection term is integrated explicitly into the scheme. As non-
overlapping domain decomposition, we propose the Schur Complement (SC) Method. The proposed
approach is applied for solving the local boundary sub-problems. The numerical experiments applied
to Burgers equation show the interest of the method compared to the global calculation. The proposed
algorithm has both the properties of stability and efficiency. It can be applied to more general non
linear PDEs and can be adapted to different FV schemes.

Key Words: Non linear advection-diffusion problems, Structured mesh, Burgers equation, Finite
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The system of equations
Let us consider the following initial boundary value problem:
Find c: Qx(0,T) » R such that

oc 2, of (c) .
—_VvACH+ > —2 — in QOx(0, T
. Z;ax g x(0,T)

S

1.1 c(x,t) =cy(x,t) on oQx(0,T)

c(x,0) =c,(x) in Q
Where Q S R? is a bounded polygonal domain and (0; T), where T > 0, time interval. By

Q and 0Q we denote the closure and boundary of Q, respectively.
We assume that the data have the following properties [6, 7, 8]:

a) s €ECT(R), f;(0)=0, Il <C, s=1.2,

b) v >0,

c) geC([0,T];L(X)

d) C, isthe trace of some C" e C([0,T]; H*(€)) N L*(©2x(0,T)) on 6Qx(0,T),
e) ¢, eLl’(Q).

In virtue of assumption a), the functions f; satisfy the Lipschitz condition with constant Cy, ,
the functions f; are fluxes of the quantity c in the direction xg, its represent convective terms, the
constant v > 0 is the diffusion coefficient.

We use the standard notation for function spaces (see, e.g. [9]): LP(Q), LP(Q % (0,T))
denote the Lebesgue spaces, W*P(Q), H*(Q) = W*2(Q) are the Sobolev spaces, L? (0, T; X) is
the Bochner space of functions p-integrable over the interval (0, T) with values in a Banach space X,



C([0,T]; X) (C1(J0,T]; X)) is the space of continuous (continuously differentiable) mappings of
the interval [0,T] into X.

We shall assume that problem (1.1) has a weak solution (cf. [6,7]), satisfying the regularity
conditions:

oc 0% . Ly
2.2) c, o e L”(0,T;H"™(Q))

where an integer p > 1 will denote a given degree of polynomial approximations. Such a

solution satisfies problem (1.1) pointwise. Under (1.2),

ce C(0.T]:H (), and %e c(0.T];L2(@)

Finite volume approach

The finite volumes approach consists in dividing the domain of calculation Q into a finite
NxM

number of control volumes (CVs) V; (i=1,.., NxM) with Q = U V..
i=1
For a general CV we use the notation of the distinguished points (mid-point, midpoints of
faces) and the unit normal vectors according to the notation as indicated in Figure 1 (right) . The
midpoints of neighboring CVs we denote with capital letters W, S, etc. (see Figure 1 left), these
notations are given in [3].
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Figure 1. FV structured mesh of domain Q

By integrating the equation (1.1) over an arbitrary CV Vp and applying the Green formula,
we obtain:

2
(2.1) jvg(t)dvp +2 [ 2 AN, 88, v [ Vetnds,, =] gt)av,,

where Sg p (a = e,n,w, s) are the four faces of volume Vp (see Figure 1), n, =(n,,,n,,)

are the unit normal vectors to the face S, p and p(Vp) is the volume of cell Vp.
Approximating the linear operator 0, —v A by the implicit Euler method and the non-linear
term by an explicit approximation we get'

n+l

(22)  pVe)E—= Zj zf(c N, 03, o v [ Ve inds, , =u(V,)gs,
where
1
"=~ [ g(x,t"av,,
07 ﬂ(vp)jvpg( LA
and

1
G =mLP C()dVp, o ¢ =y(%,).
P



- For the discretization of diffusion term, we have considered a centred difference scheme.
- For the convective terms we use the numerical flux, for the CV Vp and S,p (a =
e,n,w,s):

2
> f(cp)n,. if K>0,

2
23) Y f(c"n, =17
= > f(chHn,, (1=EW,S,N) if K<0,
s=1

where
2, o 1
K=> f€")n,, €T =§(CP +c).
=1
- For the approximation of the volume and surface integrals, we have employed the midpoint
rule.

Let us denote that ¢ is the concentration on the volume Vp (I=P, E, W, N or S) at time t,,.

The concentration variables c**1 and c]* (I=P, E, W, N or S) in equation (2.2) can be arranged as

follows:
(24) a,cit+acctt+a,crt +acyt +acit =h,,

bp is a constant depending on, the source term g3, cp, the discretized convection flux, the
boundary and the initial conditions.

Finally, the numerical scheme is expressed as the linear system:

ACHY = p,

where Aisa (N x M, N x M) type matrix of coefficients a; (I=P, E, W, N or S), C2** and b
are the vectors of cht! and bp respectively.
Schur complement method
Domain decomposition

The domain Q is decomposed into multi-domain nonoverlapping strip decomposition

Q, ..., Qp where Q = U, Q; and Q; N Q; = @ when i #; (figure 2).
Let I';; denote the interface between €; and €; and I' =UT
direction (oriented outward) on I';; fori=1, ..., g-1 and j=i+1.
For simplicity of notation we also set n = n'.

ij» and by n‘ the normal

Q| Q| 0, Q,

Figure 2. Non-overlapping strip decomposition

Considering a rectangular mesh of €2, each subdomain (); is partitioned into n; (i=1,...,q)
cells in X direction and m cells in Y direction (figure 3).
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Figure 3. Domain decomposition and structured conforming mesh of domain Q



The problem (1.1) can then be expressed as :

oc, 2, of (c) : :

——vACc +) —==g InQ.x(0,T),i=1..,

~ VA le o *(0,T) q

c,(x,t) =cy(x,t) on (0Q, —(I';,, VI, ;)x(0,T)
(31) 4¢(x,0)=cy(x) in Q.

¢ =C; on I'; 1,j=1..q

%=% on Fi.

on  on !

The last two interface conditions are known as transmission conditions on I';;.

The decomposed problem (3.1) is discretized on each sub-domain Q;, i=1,...,q using the
implicit finite volume scheme described in Section 2. For the interface conditions we have used the
centred differences scheme. We obtain the following system for i=1, ..., g-1 and j=i+1:

apCp +a, 0y +ay Cy +ascit =h,  inQ (a)
apjclg;l +tag ngl +ay, C:Jtl +as, Cgrl = ij in Qj (b)
(3.2) C;ﬂ _ C\r;ljﬂ on T, (c)
Co +C —cp—cp =0 on T'; (d)

where
op=¢andog=¢ ifVp NI+ @(@{=1..,q9-1)
0, = E;and g = W, else

bp,is a constant depending on, the source term gﬁi, c}}i, the discritized convection flux, the
boundary and the initial conditions in Q;, i=1,...,q.
Schur complement

The methods based on Schur Complement exists in two versions. The first one uses the
Steklov Poincaré operator and the second one is an algebraic version.

For exemple in [1, 2, 4] and in [5] , one finds presentations of these methods (for linear
advection diffusion equation) used in the context of a finite elements method and finite volumes
method, respectively.

In this work, we have used an algebraic version of Schur Complement technique.

Let C/*** and CJ*** denote the vector of the unknowns of Q; (i=1,..., q) and T at time t,,4
(respectively), and b; denote the vector of bp,.

The decomposed problem (3.2) can be written in the following matrix form:

A 0 .. 0 Alcr] Th
0 A .. 0 A.llcr| |b,
@3 | . . . . =
0 .. 0 A Aqlcr| |b
A A, o Ay Aclcr] o

with

A;, A;r describe respectively (a) and (b) of system (3.2), and Ar;, Arr (i=1,...,q) describe
respectively (c) and (d) of system (3.2).

The matrix A; present the coupling of the unknowns in Q;, Arr it is related to the unknowns
on the interface, Ar; and A;r representing the coupling of the unknowns of each sub-domain Q; with
those of the interface I ;, ; for (i=1,..., g-1).

The system (3.3) can be sought formally by block Gaussian elimination.
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Eliminating Ci"“ (i=1,...,9) in the system (3.3), yields the following reduced linear system

for CP*1:
(34) SCM? =y,

Xr= — Z ArA7'h,
i=1,..q

where

and
S=Arr — z Ar A7 A,

i=1,..q

S is the Schur Complement matrix.

After calculating, C{«”l, Cl-"+1 can be obtained immediately and independently (in parallel)
by solving

(3.5) A;CM = b; — AirCPY (i=1,...,9)

Numerical Simulations

In this section, we shall verify the proposed approach by numerical experiments.

Let us apply FV mono-domain (FV-MonoD) and the combined FV method Schur

Complement (FV-SC) to the 2D viscous Burgers equation [6, 7, 8]:
dc dc

dc
(4.1) E_VAC-I_Ca_xl-I_Ca_xz_g'

The spatial domain is the square Q; = (—1,1)?, the time interval T = (0,1), v = 0.01, the
initial data ¢, = 0 and the Dirichlet conditions cp = 0. The right-hand side g is chosen so that it
conforms to the exact solution [8]:

c(x,t) =(1—e?)H(1—x{)*(1 —x5)°

As we want to examine the error of the space discretization, we overkill the time step so that
the time discretization error is negligible.

Figure 4 (a,b,c,d) show respectively the analytical, the numerical mono-domain, the multi-
domain (q=2) and the multi-domain (gq=9) solutions.

Figure 5 shows the convergence of the proposed algorithm when varying the mesh of

calculation.
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Figure 4a. Analytical solution Figure 4b. Numerical mono-

domain solution
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Figure 4c. Numerical multi-domain Figure 4d. Numerical multi-domain
(g=2) solution (g=9) solution
Figure 4. Numerical and analytical solution
Convergence of FV Monodomain for y=0.0833 at t=05 Convergence of FV-SC (2 SD) for y=0.0833 at t=0.5
06 ] 06 ' '
05 X ] 05
S 04 S 04
- =
3 S
803t /[ h=0.1686 ;03
g ——h=0.0555 2 | P e h=0.1665
11 S A . h=0.0333 L p2 —-—::gg:gg
01 ———Anal Sol i RN g
-1 05 0 05 1 0-1 05 0 05 1
X Axis X Axis
Figure 5. Convergence of numerical scheme
Conclusion

A new approach coupling implicit FV and Algebraic Schur Complement methods applied to
a semi linear advection-diffusion equation, on 2D structured and conforming mesh, is presented.

The numerical experiments show that the proposed algorithm applied to a non-overlapping
multi-subdomain decomposition has both the properties of stability and accuracy.

On the other hand , its reduces the calculation cost compared to global FV calculation.

As perspective of this work we project to develop a new algorithm integrating the non linear
advection part implicitly. This algorithm will include for example Newton method to compute the
advection term after each time step of the numerical scheme.
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