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Abstract

Stackelberg games play an extremely important role in such fields as
economics, management, politics and behavioral sciences. There exists
extensive literature about static optimization problems. However, the studies
on dynamic optimization problems are relatively scarce in spite of the
importance in explaining and predicting some phenomena rationally. In this
paper, new approach of continuous time open loop stackelberg differential
game introduced with a min-max game (secure concept) between multiple
followers playing dependently (the pareto followers) and others
independently (the nash followers), the problem formulation is presented
with an example for the solution of the game.
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Introduction

Stackelberg (leader—follower) games have a wide variety of
applications. In a stackelberg game, one player acts as a leader and the rest as
followers. The problem is then to find an optimal strategy for the leader,
assuming that the Followers react in such a rational way that they optimize
their objective functions given the leader’s actions. This is the static
optimization model introduced by von stackelberg (Von Stackelberg, 1952).
When players interact by playing a similar stage game numerous times, the
game is called a dynamic, or repeated game. Unlike static games, players
have at least some information about the strategies chosen on others and thus
may contingent their play on past moves. Dynamic optimization was first
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considered by (Chen, Cruz, 1972) and (Simaan, Cruz, 1973a ), and
subsequently studied by a number of authors (Basar, Olsder, 1995), (Li,
Cruz, Simaan, 2002), (Nie, Chen, Fukushima, 2006), (Nie, 2005), (Fent,
Feichtinger, Tragler, 2002) and (Feichtinger, Grienauer, Tragler, 2002). In
(Chen and Cruz, 1972) and (Simaan, Cruz, 1973a), necessary and sufficient
conditions for the stackelberg games with open-loop information have been
obtained and explicit solutions are given. In (Simaan, Cruz, 1973b),
stackelberg solution is extended to multi-players and necessary conditions
for the existence of an open-loop stackelberg games are shown. In this paper
we represent new approach for such game model with an illustrative
example.

Problem formulation

Consider open - loop stakelberg differential game with ™M + N
followers. Under the concept of coalition we suppose that the M of these
players agree to form a coalition and cooperate as a single player to
minimize their collective costs playing a min - max differential game against
the others N nash followers outside the coalition.let

u(t) e R' be the composite control of the players inside the coalition,
v(t) e R™ be the composite control of the players outside the coalition, and
u, € R*"™ be the strategy of the leader where the composite control
(u,,u,v) e R® IS an element of the constrain set
Q={(u,,u,v) e R®| x(t) = f(t, x(t),u, (t),u(t),v(t)), x(t,) = %,, h(t, x,u,,u,v) >0}
, Where

x(t) = £ (t, x(t), u, (1), u(t), v(t))

Represent the system of nonlinear differential equations that govern
the game motion, and

3o 6 X,U,,U,v) = g (X(E D)+ [ o X(2), 1, (8),u(D), V(D)

36 %,0,,U,9) = G (K(E)) + [T X, U0 v(0) 121,25,

0!

Jj(t, X,u,,u,v) = é; (x(t, ))+Ltf Ij(t, X(t),u, (t),u(t),v(t)) ,j=12,---,N

are the cost functions for the leader and the m + N followers respectively,
where [t,,t, ] denotes the fixed prescribed duration of the game,

x(t) € R" is the state vector of the game,

h(.):[t,,t;]1xR"xR* — R

f():It,t;]xR"xR* > R"
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Ij(.)i[to,tf]anxRS_)R’ j=1,2,---,N.
I_i(.):[to,tf]anXRs_)R’ i=1,2,---,M.
¢j(.):R”—>R, j=1,2,---,N.
#():R">R,i=12, M.

Are continuous differentiable functions.
Definition 1.1 the pareto response set P for the M followers, is the set

of all (u,,u,v)eQ < R® such that for each i=1,2,---,M. there does not
exist (u,,u,v) € Q such that
J,(uy,u,v) = T (u,,u,v)
And for at least one i
J,(Ug,U,v) < J; (U, u,v)
Definition 1.2 the nash response set D for the N followers, is the set
of all (u,,u,v) e Q< R® such that for each j=1,2,---,N
Jj(uo,u,\7)s Jj(uo,u,vj,Q_j)
for all (vj,\7_j) eR™  such  that (uo,u,vj,\7_j) e  where
\7—j = (\71,\72,"‘,\7j—1,\7j+1,"',\7N)
Definition 1.3 a control (u,,u”,V) e Q < R® is a min-max solution for
the player i of the m followers if and only if (u,,u",v) e P and
3, (U, U",V) < 3, (U, ", 7)
forall (u,,u”,v)eQ
Definition 1.4 a control (u,,u’,v’)eQc R® is a min-max solution
for the player j of the n followers if and only if (u,,a’,v") e B and
J;(U,,u,v) <3, (U, T, V)
forall (u,,u,v)eQ
Definition 1.5 a control (u,,u’,v')eQcR® is a stackelberg
solution for the leader of the defined game if and only if (u,u",v)eD P

and
J,(u;,u" v <J, (u,,u,v) forall (u,uv)yeDnP.

the problem is formally stated as follows:
1. Find (u:,ﬁ,v*) and (u;,u”,v) that solves the problems:

M
R imind (t,u;,u,v’) = > W.J, (t,u;,u,v")
u i=1
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= @ (X(t,)) +Itth(t, X,Ug,U, V") dt
0
subject to
Q={(u,u,v) e R*|x(t) = f(t,x,u;,u,v),x(t,) = x,, h(t,x,u;,u,v") >0}

P,: mmmaxJ(t,uo,u,v) ZWJ (t,u;,u,v)
i=1

- a(x(tf))+jtfl_(t,x,uo,u,v) dt
0
subject to
Q={(u;,u,v) e R®| x(t) = f(t,x,u;,u,v),x(t,) = X,, h(t, x,u;,u,v) > 0}
respectively, where

Ji (U, (1), u(t), v(t)) = 4 (x(t,)) +ff|_i[t, X(t), U, (1), u(t), v(t)ldt,i =1,2,---,M

are the cost functions for the ™M players, ¢ (x(t,))= Z— .(x(t,)) and

M —_—
T(t,x,ug,u,v) = YWt X, u),u,v") for  each weW,  where

i=1
M
W ={weR" |W ZO,Zv_vi =1},
2. Find (u;,u”,v) and (u;,T’,v") that solves the problems
Pymind, uput v, 9 ) = 6 (X(E, ))+j 1t %, up,u”, v, 7)) dt

subject to
Q={(u,u’,v, v )eRS|x(t)—f(tx WV i) X(t,) = %, h(t, x,u u,vj,\7_j)20}

10’ 1 Yo

P, t minmaxJ, J(tug,u, v, V) = g (x(E ))+I 1t %, ug,u, v, V7)) dt
J
subject to

Q={(u;,u,v;,v;) e RE[x(t) = f(t,x,u;,u,v;,v";), X(t,) = X, h(t, x,u; V') =0}
respectively,
3.Find (u;,u”,v") that solves the problems P, P, and

Py mind(t U, ") = 6 )+ [ (4 X(0), U, (0, (0", v(t))

subject to
Q={(u,,u,v)eR*|x(t)= f(t,x,u,u’,v),x(t,) = X, h(t, x,u,,u”,v’) >0}
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where, x(t):[t,,t;]— R" the state of the system is assumed to be a
piecewise continuous function of t, and the functions

filt,,t;]1xR"xR* > R", ¢, ¢,,

and ¢ are continuous functions on R".

Theorem 1
if (u;,ﬁ,v)ng R® is pareto solution for the m followers inside the

coalition with state trajectory x  corresponding to problem P, then there
exist continuous costate functions p:[t,,t,]— R", & € R* such that the

following relations are satisfied
X(t) = f(t,x,u,0,v) X (t) =X,

*

COH(t X ,u UV, W, -, W, , P,3)

p(t) = — ox(0)
(X)) o
P(tf)-th), ¢—; g (X (L))
6I—_I(t,x*,u;,ﬁ,v,wl,---,vT/M,p,g):O

ou

Sh(t,x",u;,u,v) =0
h(t,x",u’,u,v) >0
5>0
where
—_— — M —_—
H(t, x,u,,u,v,w,---,W,,, p,0) = Zv_vili(t,x,uo,u,v)+ p' f(t,x,u,v)
i=1

~6"h(t, x,u,,u,V)
is the hamiltonian function of the followers inside the coalition and its

partial derivatives.
Furthermore, if (u ,u’,v)e Q< R® is min-max point for the pareto

followers with state trajectory x* corresponding to problems P,, then there
exist continuous costate functions p:[t,,t,]— R", £ €R® and 77’ € R? such
that the following relations are satisfied

X*(t) = f(t,X*,u;,u*,V),X*(tO) = XO
OH(t, X", U, u"\V, W, W,,, p,C.,77")
ox(t)

p(t) = -
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op(X(t,) - M

t,)=————, = _i_i X*t
p(t;) o) ¢ ; ¢ (x (t;))
OH (t,x",u,u",V, W, --,V_\/M,pf,ﬁj)zo
ou
vV oo W __J
OH (L, X ,up, UV, W, -, Wy, P, 5, 77") 0, j=1,2,---N.

W,
avi
cht,x’,u,,u”,v)=0
7h(t,x",u;,u",v)=0,j=1,2,---,N.

h(t, x", 0,u ".V)>0
c>0
7'<0,j=1,2,--,N.
where
M
H(t, X, U ,u,v,W,,,W,, , p,Z,77) :z (t,x,ug,u,v)+ p'f (L x,u,u, V)
=1

-Z"h(t, x,u,, u,V)
is the hamiltonian function of the followers inside the coalition and its
partial derivatives evaluated using the two sets of multipliers & and 77°.

Now for the followers outside the coalition, if (u),u,v)e Q< R® is nash
equilibrium point for the N players corresponding to problem P,, then there
exist continuous costate functions q’:[t,,t,;]— R", &' e R%such that the
following relations are satisfied

X" (t) = f(t,x,u,,u, v)x(t)—x

. oH (t, X ,uo,u,v,q‘,5‘)

G (t) = ——

ox, (1

. o (X (t

qk’(tf)=M, k=1,2,-,n, j=1,2,---,N
o, (t;)

aH"(t’x*’u‘*”u’v’qj’51.):o, =12, N.
oV,

sh(t,x,ul,u,v)=0,j=1,2,---,N

h(t, x" ,uo,u,v)zo
5'>0,j=1,2,---,N
where
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H, (t %, Uy, u,v, 0%, 87) = 1,(t, x,u,,u,v) +q’" f(t,x,u,,u,v)
-5'h(t, x,u,,u,v), j=1,2,---,N.
are the hamiltonian functions of each follower and its partial derivatives.
Furthermore, if (u),T’,v") e Q < R® is a min-max point for player j

of the nash players corresponding to problem P,, then there exist continuous
costate functions q’:[t,,t;]—>R", ¢’ eR® and n'eR? such that the
following relations are satisfied

X(t)y=f(t,x,u,,T v)x(t)—x
6Hj(t,x ,uo,u Vgl elnh)

.jt - _
G, (t) O
. g (X (t
qk’(tf):M,k:l,Z,---,n, j=1,2,---.N
X (t;)
oH.(t,x",u.,u’' v, q', ¢l 7’ .
i M) g f=1,20N, =12 N
Vg
H ot x T v gl ol gl
oH;(t,x,u,,u’,v,q',¢'\n ):O,j:1,2,~--,N
ou
‘Mtx,mujf)—Oj—12~-N, ] N

1,2
Jh(tx,o,u Vv)=0,j=1,2,---,N
h(t, x" ,uo, v >0
¢1>0,j=1,2,---,N
n'<0,j=1,2,---,N.
where
H, (&% uy,u,v, 02,60, m0) = 1t XUy, u,v) + g7 F (8 X,U,,u,V)
—'h(t, x,u,,u,v), j=1,2,---,N.
are the hamiltonian functions of the nash players and its partial derivatives
evaluated using the two sets of multipliers ¢’ and 7’ .
Theorem 2
if (u,u,V)eQcR® and (u,u’,v))eQcR® are the min-max points
corresponding to problems P, and P, respectively, then (u),u”,v)e QcR®
is an interior open loop stackelberg solution for the leader with pareto and

nash followers, and x* the corresponding state trajectory, if there exist
continuous costate functions p:[t,,t.]— R" and q’ :[t,,t,]— R" such that

X*(t) = f (tl X*,u;,u*,v*), X*(tO) = XO
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A

OH (t, X", u,u" V', W,---, W, , p,J)

S0 = —
p(t) X0
0f (X (t,)) M
t,)=—————, X (t
p(t;) ) Z:, (X (t,))
OH(t,x",u,u",v', W, ~,wM,p,5A):0
ou
. oH (t, X", u"u v, g, 5 _
qkl(t):_ J( ° g ),kzllz,...'n, j=1,2,---,N.
ox, (0
. o (X (t
qk‘(tf):M,kzl,Z,m,n . j=1,2,--N.
ox ()
8Ht,,,*,",Aj .
XU U VL8000) g j21,2, N,
v,
h(t,x",u;,u",v’) >0
Sh(t,x",u;,u",v')=0
Sh(t, X, u,u",v)=0,j=1,2,---,N.
5>0

51>0,j=1,2,-,N.
where

[ ~ M J—
H(t, X, Ug, U,V W, Wy, P,6) = D W, Tt X, Ug, U, V) + P F (X, U, U, V)
i=1

1y Yo

—5h(t,x,uo,u,v)
and
H,(t x,u,,u,v,q’,6%) = 1;(t, x,u,,u,v)+q’" f(t,x,u,,u,v)
—§‘h(t X,U,,u,v), j=1,2,---,N.
are the hamiltonian functions of the followers inside and outside the

coalition respectively.
Furthermore, for the leader, there exists continuously differentiable

functions  (costate vectors), p,(t):[t,,t;]>R", p):[t,,t;]>R",
o,(t):It,t,]>R" and continuous  functions  A(t):[t,,t,] >R’
A,0):[t,t, ] >R, m= Z, _M; ( lagrange multipliers), such that the

following are satisfied
X'(t)y=ft,x,u,u,v) X (t)=Xx,
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6H0(t,X*,U;,U*,V*, po, papill_v/ljvo-qu)

po(t):_ OX
aH tX1 lu’V*l ] 1 1111'! i J
)= o(t, XU, Po PP 4, 44,05,07)
op
OH, (t, X" U, u" V', py, P o A, Ao, Q]
O._j(t):_ ( 0 apojpp jGJQ)
q_
oH (t X, o’u LV P, p01p’p1ﬂ“1ﬂ’j10j1qj) -0
ou
aH (t X l o’u aV*a pi povpap)//{_“a/lj!o-j’qj) —
ov, )
OH, (t, X ,u;,u",Vv", pO,p,p,/T,ﬂj,Uj,qj) _
ou, B
h(t,x",u;,u",v’) >0
uh(t,x",u;,u",v)=0
1=>0
With the boundry condtions
Op(x(t,)) og; (x(t;)) 0y (x(t;))
pt)=—~ 9'(t))=— f  Po(ty) = —
ox(t;) ox(t;) ox(t;)

pt,)=0, oft,)=0
where the hamiltonian function of the leader is given by
H, (t, py, X, Uy, U, V) = I, (t, x,u,,u,v) + pg f(t,x,u,,u,v)+p [-V H]+A"[V, H]

+z{a}[—vaj]+z}[vijj]} LTh(t, X, U, U, V)
j=1
Example 2.1 consider the following stakelberg open loop differential game;
where the leader announce his control u, € R ; then four followers announce
their controls (u,v) e R* such that two of the followers with control

u = (u,,U,) € R? decide to cooperate to minimize their collective cost playing

a min-max game with each of the last two players outside the coalition with
controls v =(v,,v,) e R? that acting independently to each other, the cost

functions are respectively given by :
J, = j:f [(u, —1)% +u, —u, -V, +V,]dt
0

= [T+, =3) 4 (0= + (v, -3l
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7= 10D 5 0, —u, -1+ (g -2) T

t 1
3y =% (te)+ [, Ty + =0 +u]dt
0 2
and
2 t
3, = 2%, () + [ '[(v, —u,)* +u, —1]dt
3 t
Sit.

Qz{(uo,u,v)eR5| &:%Vy X, =U,+V,, U, >0, i=1,2,

u+u,<4, 0<v,<1 and OSVZS§}

According to the cooperative between the first two followers, the
hamiltonian function of their collective cost of J, and J, is given by (8)

H(t, x,up,u,v, W, p,8) =T+ p" f(t,X,uy,u,v)—3"h(t, x,u,,u,V)
= W[(u, +U, _3)2 +(u, _1)2 +(v, _3)2]

_ 1 1
+(1—W)[(U1 _1)2 +E(u2 —U, _1)2 + (V1 - 2)2]+ pl(Evl)
+p2(u0 +v2)—é_‘0u0 _é_‘lul _é_‘zuz —33(4—U1 _uz)

- - = -2
—0V = 05V, = &g (1_V1) -5 (E‘Vz)

where w, =w and w, =1-W, o<w<1.
Applying necessary conditions for pareto solutions equations (1)-(7)we get

pl(t)=—%=o

X(t,
pl(tf)=%=0
pZ(t):_afit) =0
pz(tf)=%=0
£:261+2Wu0—4v_v—2—51+53 =0

ou,

Z_H: (1+V_V)az—(1—V_V)Uo ~(1+W)-6,+6,=0

2
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Sh(t,x,u,u,v)=0,i=0,2--,7
5,>0,i=0,2,---,7 (67)

where h=[uo,ul,u2,4—u1—uz,vl,vz,l—vl%—vz]. Solving the system of

equations (67), it yields that p, =0, p,=0 and the pareto response set p
corresponding to &, =0 is given by

) . A a 1- 2(1-w*)
—{(U(),U,V)Gglu - (Ul,uz) (W(Z u )+1 1+ WU +1j |:0 1-2w- _2
WE{ogfgii} or uoe[Q1+EmDJwv [J__ —1+ J_j}
5 w >

(68)
for the followers outside the coalition that act independently, (27) gives their
hamiltonian functions as follows:

H, (t,x,uy,u,v,q’, 6" =1,+q"" f =& h(t, x,u,,u,V)
1 1
=iy +EV12 +Uu, + qi(Evl) + q; (uo +V2)
_53u0 - 511U1 - 53“2 - 5;(4_U1 - uz) _é‘ivl _551\/2
2
_5é(1_vl)_671(§_\/2)
H,(t,x,u,,u,v,q",8%) = I, +q* f =57 h(t, x,u,,u,V)
1
= (v, _u2)2 +u, -1+ q12 (Evl) + q22 (Up +V,)
—502U0—512U1—§22U2 —532(4—U1—U2)—§42V1—§52V2
2
_562(1_\/1)_572(5_\/2)
and by applying the necessary conditions (20)-(26),

agy o OHy _
d; (t) x(

) 04,(X (t;))
)= ————=1
%) ox(t,)

aqyo  OH _
d,(t) = %0 0

Lo OB (X ()
%GJ——BZES——
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oH, _

G (1) =~ Ol
G (t,)= —6"’;2;53 L
GO =7 =
i) = D2
M, - g

—:vl—u1+q——5j+5§:O
A 2

LU VRTINS S L

aVZ

sih(t,x",u,u,v)j=1,2, i=01,---,7.
5)>0j=1,2, i=01,--,7. (70)

solving the system of equations(70), it follows that q;(t)=1, q;(t)=0,
g’ (t) =0, gi(t) :é and the nash response set D is the set of all solutions

(U, u,v) € Q such that v = (v1,v,) where

0 , 0= wu sl
2
- 11 3 (1)
Vi=qU —— =< Uy <=
2 2 2
3
1 >
u, >
and
0 , 0= u, sl
3
o 72
V2 = uz—1 , 1< u, <1 ( )
3 3
2
3 ) u, =1
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now for the min-max solutions for the cooperative players against each
player outside the coalition can be obtained by applying the necessary
conditions (9)-(18)

ﬁ_zu +2WU, —4W-2~-¢ +5,=0
ul
oH o 3 L
P (1+W)U2 _(1_W)U0 —(1+W)—g2 +5; = 0
ou,
@i_ﬂlmMV—D+—_m+%_o
avl
oH . L
— =2W(V,-3)+ p, 7. +777 =0
2
ch(t,x,u,,u,v) =0, i=01,---.7.
7N (X U u V) =0, j=12, i=01.7.
G =0, i=01,---,7.
77ij£0, j=1,2., i=0,1,---,7. (73)

solving the system of equations (73), it yields that the pareto min-max
solutions are (u,,u”,v) e Q where u” eP given by (68) and v =(0,0) for
W e (0,1). Furthermore, the hamiltonian function (38), and the necessary
conditions equations(28)-(37) of the min-max solutions for the the first
follower player outside the coalition with control v, yields the following:

aﬂ:ﬁ—w+%~@+% 0

1

0 —V +1-— 771+773—0

1 1

=1, +1;=0
8u2 2
oH .
aV2 :2(V2—U21)+q22—g52+g72 =0
2

glh(t,x",u,, 0, v") =0, j=1,2., i=01,---,7.
giJZO, j=1,2, i=01,---,7.
nh (X ,u,, T4 Vv") =0, i=0,1,---.7.
7<0, i=01,-,7. (75)

solving the equations(75); it follows that the min-max solution for the

follower with control v, is given by (u,,0*,v’)eQ where v, =1,T; >%,
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U, <4-0, and v, =v,(u;) given by (72). Similarly for player with controls
v, , equation(38), and the necessary conditions equations(28)-(37) gives

oH .
2 =2(v, —U22)+q; _G52 +g72 =0
2
oH, 2, 2
=_—n+ =0
au, m 13
oH .
auz2 ==2(v, —U7)+1-n +7; =0
oH .,
— = -0 +q_l_§zll+gfls =0
A 2
cih(t,x",u,,T%,v") =0, j=1,2., i=01,---,7.
gijz()’ j:1,2-, i=01,---,7.
neh(t,x U, 0%v) =0, i=01,7.
n? <0, i=01,--,7. (76)
where i =0,2,---,7., solving the equations (76); it follows that the min-max

solution for that player is given by (u,,T?,v") e Q where v, =0,v, :é and

u’ =0,u; =4.
Finally the leader based on the optimality concept of the followers announce
his control u, that minimize his cost, the corresponding hamiltonian function

for the leader is given by (64)
1
Ho(t1 X, Uo, U, V, po) = [(uo _1)2 U —U, =V, +Vz]+ p(l)(EVl)+ pg(uo +V2)
+A[2U, + 2WU, — AW —2— 5, + &, ]
+ L [(1+ W)U, — (1—W)u, — (1+W) — &, + ;]
FAI Uy + ) 1 253+ 51+ 4200, — ) + G — 57 + 571
—HoUg — Uy — Uy — 1 (A= —Uy) — 14Vy — fhgV,
2
—ye(l—Vl)—,Lt7(§—V2)

The necessary conditions for stakelberg solution with pareto, nash min-max
followers (39)-(63), gives

s OHy
P (1) ox (0

. ody, (x(t,))
Ht)=——"" =0
Polts) o (t)
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H

p()——
’ z(t)

Oy (X(t;))
pg(tf):o—f:

aXZ(tf)
ﬁ—2u +2wu —4W—-2— 5+5 0
ou,
oH

a——(l+w)u -(1-wu, - (1+wW) - 5 +§ 0

2

oH S
LAY S
ov, 2
oH 5
aVZZ‘Z(V Uy)+0; —d: +6; =0
o = 2(u; ~1) + P} + 207 - (1=, — = 0
uO
aH"-1+2/111 A=+, =0
oy,
My o 14 (L W, — 24, — 1, + 41, =0
2
Mo - A4 d -+ 1= 0
1
Mo 21422, - s+ 11, =0
V2

5h =0i=01,-,7
5lh=0j=1,2 i=01,-,7
uh =0i=01,--,7.
5>0i=01,-7,
51>0j=1,2 i=01,--,7
&4 >0i=0,1,---,7. (78)
Solving these system of equations (78) it yields that the stakelberg

solution with pareto, nash min-max followers game is

(Ug, Uy, Uy, Vv, V) = (11+W12 1, )Where WE(—l)
+

Conclusion
This study tends to introduce a new approach to stackelberg dynamic

game with various optimality response between the followers.
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