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Abstract:

In this paper we define a compatible total order on the set of all
polynomials with real coefficients and finite degree. We use the order defined
on the Bruck-Reilly extension BR(G, 6) for that purpose.
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Introduction

We shall assume that the reader is familiar with the basic definitions and
results concerning semigroups. In particular, we shall assume familiarity with the
basic results on regular and inverse semigroups. These results and other un-
defined terminology can be found in [2].
Let G be a group and € an endomorphism of G. Let BR(G,0) be the

Bruck-Reilly extension of G defined by €. The elements of BR(G,8)have
the form b"ga’, with g € G and r,s € IN". The multiplication is defined by
b ga® b ha’ = b 0™ () (h)a

with 0(g) =agbh, forall geG.

The relation <,

Let P(x)={a,+ax+ax’+...+ax", a, # 0} be the set of all
polynomials with real coefficients and finite degree. The set P(x)with the

usual addition is a group that we will call G. Define the function
6: P(x) >R, that transforms each f € P(x) in f(f)=a,, with a, #0 and

a; =0, j>n.

Let us define on G the relation
fscge=f=gorplg-f)>0.
Theorem: The relation <; is a compatible total order on G.
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Proof.
We will begin by showing that < is a partial order.

It is trivial to show that the relation is reflexive and symmetric. To
prove transitivity, suppose that f<.g and g<.h. We will study the
different casesthat canoccur:

1) f=g=h
In this case transitivity is trivial.
2) f=gand B(h-g)>0
Since f'=g and f(h—g)>0, then B(h— f)>0 which implies that /' <; A
, by the definition of <,

3) B(g—/)>0and g=h
The proof of this case is analogous to case 2.

4) B(g—f)>0and S(h-g)>0
Let

g-f=a,+ax+ax +...+ax", with a >0, and
h—g=b,+bx+bx" +...+b x", with b, >0.
Suppose that n>m. Then,
h—f=(h-g)+(g-f)=(a,+b)+(a,+b)x+...+(a, +b,)x" +...+a x",
where a, >0 by hypothesis. Then S(h— f)>0, which implies that
f<;h
If, on the other hand, » <m, we have
h—f=th-g)+(g-f)=(a,+b)+(a,+b)x+...+(a,+b)x" +...+b x",
which implies that S(h— f)>0,since b, >0. Then f <; h.
If n=m, we have
h—f=th-g)+(@g-f)=(a,+b)+(a,+b)x+...+(a, +bm)x’"'
Since a,,b, >0, then a,+b, >0, ie., P(h—f)>0, and then
f<;h
So the relation is transitive.
Consequently < is a partial order relationon G .

To show that is a tgtal order suppose that f>_.g .Then f#g
and fB(g—f)<0. Therefore B(f—g)>0, which implies that g<. f by
the definition of <.

T show that <. is compatible, suppose that f' <. g,ie., f=g or
B(g—f)>0. Wehave to show that f+h <. g+h.
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If f =gthe proof is trivial since f+h=g+h.

If B(g—f)>0 then Bl(g+h)—(f+h)]=L(g—f)>0, therefore we have
that <. is a compatible total qaderon G .

Using the Bruck-Reilly extension BR(G, )
d
Defineon G the endomorphism &, such that 8(f) = d_f and consider
X

the Bruck-Reilly extension BR(G,0) such that the morphism
¢: BR(G,0) — Z ,defined by
gb'ga’)y=s-r
is isotone, using the usual order on integers.
In [1], we have that the relation

(@) h Lifs>r

g<O0(h) Lifs<r

defined on N = Ker¢ = {b"gar, relN 0} is a compatible total order on N .
We also have in [1], the compatible total order on BR(G,#) defined by:

b'ga’ <, b"ha" < s—r<n—mor

b'ga" <, b'ha' @{

s—r=n—-m and r>mand g<.60""(h)-
{ orr<mand 8" (g)<; h
We will translate this relations to the set P(x) .
Let
g=a,+ax+ax’ +...+ax",a, #0,
and
h=by,+bx+bx"+...+b x", b #0,
be two polynomials of degree n and m, respectively.
On the case s > r, we have

s=r

-r 2
o’ l(g):dx‘“” (a, +ax+ax" +...a,x")
0 Jifs—r>n
e (s =4 ) o _
z T ey X Sifs—r<n
=0 !

Using the compatible total order defined on G, we have:

475



dS*r
=h
dng
- or b,>0 Jfm>n—(s—r
0 (@< h e > ifm>n—(s=r)
or b,>————.a, ,ifm=n—(s-r)
[n—(s—r)]
or a,<0 Jdfm<n—(s—r)
Analogously, in case s<r:
dV*S
0" (h)=——(b, +bx+bx*+...b x")
dxr N
0 Jfr—s>m
_ m=(r=s) _ BN )
B Z (rs—'-'_‘])'br_ﬁj.x’ Jfr—s<m’
=0 J!
and using again the order on G, we have:
_ dr—s
& dx*
s or a, <0 Jfn>m—(r—s
g, 07 ()= y fnzm=(r=s)
—— b,>a, ,ifn=m—(r-s)
[m—(r—s)]!
or b,>0 Jdfn<m—(r—s)
The order on N = Kerg is
dS*i'
=h
dng .
o> JOT me'O Jdfm>n—(s—r)
or > : a, Jifm=n—(s—r
2 e e (=)
brgar SN bha' < or and<r(i ,ifm<n—(s—r)
g:a’xH '
ooy Jor m'an<0 Jdfn>m—(r—s)
or  ————b >a_ ifn=m—(r-s
or b,>0 Jdfn<m—(r—s)

that we will call (7).
Now we can define the compatible total order on Bruck-Reilly extension
BR(G, 0) . Therefore
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V—u>s—r
b'ga’ <b"ha" < Jor R
g

0" (g)<sh Lifuxr
and ]
g<;0""(h) ,ifu<r

V—Uu=§—r

Which we can translate by:
b'ga' <b'ha" <v—-u>s—r

or
du—r
=h
dx“"g .
veu=s—rand u>r and 1’ bm>'0 Jfm>n—(u—r)
" m-w-r] "
or an<0 ,ifm<l’l—(u—r)
or
B dr—u
£ dx"™" .
v—u=s—rand u<r and 1% m'an<0 Jfn>m—(r—u)
=G 7 e
or bm>0 ,l'fn<m—(r—u)

2

where n and m are the degrees of g and 4, respectively. We shall call this
expressions (i) and (iii), respectively.

Example
For a better understanding of the order relation we shall consider the
polynomials g and 4:

g=1+3x—x*+x +x* and h=1+2x—x"+5x,
with degrees n=4and m =3, respectively.
Using the compatible total order defined on G, we have that 2 <; g, since

Blg—h)=1-0>0.
Consider the elements of N =kerg,b’ga’and b’ha’. We have
b’ga’ <, b’ha’ because, using (i) defined on N, s =5>r=3 and b, =5>0.

Let us consider now two elements of BR(G,0), b’ga’and b*ha’ .
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It is easy to show that b’ga’ <b*ha’, since v—u=3-4=5s—r=2-3 and
u>r. Therefore, wusing (i), m=3=n—(u-r)=4-(4-3) and

4
m.a4 =4.1.

b,=5>
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